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<^ . Abstract 

O ■ In this paper we consider the Kaluza-Klein fields equations in presence of a 

generic 5D matter tensor which is governed by a conservation equation due 
^ to 5D Bianchi identities. Following a previous work, we provide a consistent 

Q ■ approach to matter where the problem of huge massive modes is removed, 

^ , without relaxing the compactification hypotheses; therefore we perform the 

dimensional reduction either for metric fields and for matter, thus identifying 
a pure 4D tensor term, a 4D vector term and a scalar one. Hence we are 
^ . able to write down a consistent set of equations for the complete dynamics 

^ \ of matter and fields ; with respect to the pure Einstein-Maxwell system we 

now have two additional scalar field: the usual dilaton one plus a scalar 
source term. Some significant scenarios involving these terms are discussed 
and perspectives for cosmological applications are suggested. 
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1 The Problem of Matter in Kaluza Klein 



An open issue, in the framework of the compactified 5D Kaluza-Klein ( KK) 
theory ( [l]-^ ), is the problem of matter dynamics ( ^Sj, ^Sj, [IJ ), as well 
as the presence of the extra scalar field </> ( [8], [9] ) in the model and its 
interplay with particles motion. The common approach to the test particle 
dynamics consists in a generalization of the geodesic approach we use in 
General Relativity. Therefore, given the 5D geodesic equation, = 0, 

where ds^ is the 5D line element and w"^ = ^ is the 5D velocity, we can 
consider its dimensional reduction: the motion equation for the reduced 4D 
particle reads 



Ds 



where is the fifth component of the 5D velocity - which is scalar 
and conserved along the path, due to the Killing vector provided by the 
cylindricity hypothesis -, u^^ is the 4D velocity of the 4D reduced particle, 
the 4D covariant derivative and ek reads (e/c)^ = By mean of the 
presence of w^, we are able to define the charge-mass ratio of the particle 
which is : 

= (2) 
4Gm^ 1 + ^ ^' 

While this procedure seems to be physically well-grounded, it actually turns 
into some inconsistencies. The ratio above defined is upper bounded, and 
we have: 

If we assume </> = !, which is the simplest KK scenario that allows us to re- 
cover the electrodynamics, such a bound is always violated ( for the electron 
case we have ^Q^i ~ 10^^ ). To overcome such a problem, we could assume 
a large scalar field (/>, but, as noted by some authors ( [IO]-[l3] ), the pres- 
ence of (j) would affect the definition of the fine structure constant, providing 
violations of the Free Falling Universality ( FFU ) of particles in electro- 
magnetic bounded systems. In general, however, a large value for the scalar 
field, which is the scale factor of the extra dimension, would require a fine 
tuning on the coordinate length of the fifth dimension, in order to ensure its 
unobservability, or otherwise it would lead us to the framework of large extra 
dimension model. The problem of the correct evaluation of the charge-mass 
ratio is indeed a longstanding puzzle in the framework of the compactified 
model. It is strictly linked, furthermore to the problem of the huge massive 
KK modes. It is possible to show, via an hamiltonian analysis, that the 
charge is directly proportional to P5, i.e. the fifth, conserved, component of 
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the 5D momentum. Taking into account the compactification of the extra 
dimension, we get a discrete spectrum of modes for the momentum, thus ex- 
plaining the quantization of charge; fixing the ground value of the spectrum 
via the elementary charge e we get an extra dimension length below our ob- 
servational bound, but, given the link between charge and mass, we obtain a 
huge massive modes spectrum beyond Planck scale. Therefore this approach 
is not consistent with Lorenzian dynamics. This outcome is a direct con- 
sequence of the fact that we adopted a geodesic approach to describe the 
motion of the unreduced 5D test particle in our compactified model. Other 
approaches to the test particles dynamics ( and to extra dimensional physics 
in general ) adopt different schemes concerning the properties of the extra 
dimension, adopting a projective approach ( [l^-flG] ) or relaxing the cylin- 
drical and the compactification hypotheses, like in brane-models ( [17], [18] 
) or induced matter theory ( [6] ) , and deal with non compact space and em- 
bedding procedure ( [T9]-[23] ) -which at the end leads to the brane scheme-, 
or still adopt the compactification hypothesis but face the problem of the 
motion using more than 5D and invoking a symmetry breaking mechanism 
for the generation of mass ( |^ ). In this report we would add a proposal 
to this debate, by considering an approach where, rather than giving up 
the compactification hypothesis or the 5D background, we criticise the as- 
sumption that the 5D motion is a geodesic one and we start our analysis by 
analysing the full field dynamics involving a generic 5D tensor source. 



2 Revised Approach to Matter 

In a recent paper ( [5]), it has pointed out that the geodesic approach is not 
the proper method to face the motion of a test particle in the compactified 
5D KK background, because it does not fulfils two fundamental requests 
that actually hold when we consider the analogue procedure in GR. They 
are the Equivalence Principle, which is indeed violated in the 5D framework, 
and the assumption that we can define the 5D particle as a 5D point like 
object, which is no more guaranteed by the compactification of the fifth 
dimension at a low scale such that we cannot probe it at the present allow- 
able energy scale. It has actually been suggested that the proper procedure 
is to deal with a 5D conservation law concerning a generic 5D matter, i.e. 

aT^^ = 0, and achieve the definition of the particle trough a multipole 
expansion, as it happens in GR with the Papapetrou procedure ( |25j). 
Here we follow such an approach, embedding it in the general point of view 
of the full KK fields dynamics; the aim is to enforce it, providing a physical 
grounded meaning to the tensor T"^^, and to achieve a consistent scheme for 
a complete reduction of matter and geometry. 
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2.1 Dynamics in vacuum 



It is worth starting our analysis by recalling the formulation of the KK 
dynamics in vacuum. Let us consider at first the KK model in vacuum. 
The dynamics of fields is given by 5D Einstein equations ^Gab = or - 
what is not trivial to be remarked, being in principle not guaranteed- by the 
variational procedure applied on the 5D Einstein-Hilbert Action which reads, 
in c = 1 units, 55 = —j^^q^ Jd^xyfj ^R, where J^^ is the 5D metrics, 
its associated curvature scalar and G5 is an unknown 5D Newton constant. 
Performing the dimensional splitting, and after some rearrangements, both 
procedure lead to the set ( [26], [2l] ): 

{^^F'^'') = 

□ = _i03(g^)2^M-^^^_ (4) 

Here the usual Newton constant G naturally arises defined as 




where h = J dx^ is the coordinate length of the extra dimension. 
In principle, we would like to consider the scenario (/> = 1, in order to restore 
exactly the Einstein-Maxwell dynamics. However, such a scenario provides 
an ambiguous feature: first two equations reduce to Einstein-Maxwell dy- 
namics, while the last turns into the inconsistent result F^j^^F^^ = 0. There- 
fore, the hypothesis (j) = 1 can be considered only if we request it on the 
Action, before doing the variational procedure that leads to equations (HI). 



2.2 Reduction of matter 

To introduce matter in the dynamics, we now assume the existence of a 5D 
matter tensor T"^^ and therefore we write down the full system for the 5D 
Einstein equation in presence of 5D matter: 

= S^GsT^^ (5) 

where G5 is the 5D Newton constant. Such an equation could be derived 
from the 5D Lagrangian density 

where the first term is the 5D Einstein-Hilbert Lagrangian and the second is 
the Lagrangian for the 5D matter. Our 5D matter tensor is defined in term 
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of the Lagrangian density as follows: 

It is worth remarking at this step that we consider the 5D Lagrangian density 
and the 5D matter tensor as unknown objects. The dimensional reduction 
eventually will allow us to link the degrees of freedom of the unknown 5D 
tensor to some recognisable 4D objects, therefore allowing us to provide their 
physical interpretation. At first, we note that the components of should 
represent a energy density with respect to the spatial volume , which is a 
4D volume including the extra dimension; hence, in order to move toward 
a 4D tensor, which is related to energy density with respect to a 3D spatial 
volume, we need at first a rescaling via a proper length scale. Therefore, 
given the coordinate length of the extra dimension, h = J dx^, we define 
jiAB _ j'ABi^^ ^Yie same time we achieve the rescaling G = G^l'^^ 

in the equation ( [5] ) which is the same reparametrization we have in vac- 
uum. As a second step, we observe that is possible to demonstrate that the 
5D reduced Bianchi identities hold, therefore the divergence of the tensor 
vanishes, giving us a conservation equation, as a consequence of the 5D in- 
variance with respect to traslations. Finally, being metrics field governed by 
the cylindricity hypotheses, we also assume that such an hypothesis holds 
for the matter tensor. 

At last, we deal with the following model: 

^VaT^^ = (6) 
^ Qt^gT^^ (7) 
SsT^^ = (8) 

First two equations represent the proper 5D generalization of the 5D Ein- 
stein equation, while the last takes into account the cylindricity hypothesis 
concerning matter fields. The dimensional reduction of eq. jH]), after some 
algebraic rearrangements, yields the following set: 



5) ^v^(0r5n = o (9) 

/i) ^v,(0r^'') = -5^''(^)r55 + efcF^,<Ar5^ (10) 

It is worth noting that the components T^^'^ , Ti^, T55 are a 4D tensor, a 4D 
vector and a scalar respectively. It looks like convenient to define: 

TZtter = ^T'^" f = ekcl>T,^ (H) 

This way, we have: 

= (12) 

"^piTZtter) = -9'" (^) 7^55 + F^^f (13) 
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Therefore, the first equation gives us a conserved current j^, coupled to the 
tensor F^^, while the second describes the dynamics of the tensor T^a^ter) 
which is coupled to the field cp and trough the matter terms T55 and j^. 
We thus interpret j'^ as the proper current related to the U(l) gauge sym- 
metry and X^atfer as the proper tensor representing the energy-momentum 
density of the ordinary 4D matter. The last statement is enforced observing 
that setting (/> = 1 we recover the conservation law for an electrodynamics 
system, while, setting as zero the other source term Tss and we recover 
the law Vr^^j^gj. = 0, which is what we expect from an isolate 4D matter 
system. As well as we have done for the tensor and the vector component, 
we also re-scale the scalar component defining now = (pT^^. A generic 
heuristic argument can be provided as a support to this kind of scaling in 
term of (p. Let us compare the definition of the starting tensor with 
respect to the definition of the matter tensor T^a^fer ™ GR; as previously 
argued, the hypothetic 5D observer, will perceive a 4D spatial volume, in- 
cluding the contribute of the extra dimensions, therefore we will have these 
two definitions, being x a generic label for the components of the tensor and 
an object with the dimension of an energy: 



5D ^ = y dx^d^x^T"" (14) 



Now, using the cylindricity hypothesis , the compactification, and the reduc- 
tion formula \/j = (p^/g we have: 

5D^E- = j d'x^{<PhT-) (16) 

Therefore, a comparison between the above equations suggests to define, for 
instance, 

TZtter = Ur^"" = ^T^-" 

which is indeed the definition we naturally adopted following the dimensional 
procedure. 

Taking now into account these definitions, the reduction of eq. jT]) leads 
to the set 

1 1 j^/^f 

Qf^u ^ -V^'^V - ^g^^Ocp + 87TG<P^T^il^t,,^ + SttG^^ (17) 

{(ty^F''^') = Airf (18) 

Arranging the last equation with the trace of the first we have: 

□ <A = -^^^{ekfE'^'^F^, + ^ttG (r^atter + 2^) (19) 
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This set of equations is supported by eq. ( [TO] ) which now we rewrite in 
terms of new variables: 

V^j" = (20) 

Vp(Tr„«e.) = -9^' (^) ^ + (21) 

At first, we note now that the problem concerning the scenario = 1 is 
removed. In such a scenario eq. ( ET] ) leaves undetermined, eq. ( [TTl 
[TSl ) describe a Einstein-Maxwell system, and finally eq. ( [19] ) turns into 
a condition which fixes -i? for a given background. Hence, it is possible 
to consider a scenario for metric fields where, assuming 4> = 1, we get the 
expected coupling between matter and fields rebuilding exactly the Einstein- 
Maxwell dynamics. 

In general, we conclude that equations ( [T71 [TSl [T9] |20l [2T]) describe the full 
KK dynamics in presence of matter source terms. 

At the end of the dimensional reduction procedure, the model looks like a 
modified gravity theory where the modification has to be addressed to the 
presence of the two extra degrees of freedom we have in the fields sector 
and in the matter sector respectively. It is important to emphasise that the 
equation ( [2T] ) , which we have derived from the 5D conservation law induced 
by the 5D Bianchi identities, could be as well derived letting the operator 
act on the equation ( [17] ) and using the 4D Bianchi identity, although the 
proof is very long and consists in a tricky succession of algebraic steps. It is 
important however to stress that this result enforces the consistency of the 
whole procedure. In the same way, finally, eq. ([20]) is a direct consequence 
ofeq. {M). 



Test particles dynamics The analysis concerning the dynamics of test 
particles has been done in ( |[5] ), starting from eq. and adopting a 

Papapetrou multipole expansion , under the hypothesis that the test parti- 
cle is described by a localized source. We just recall now the outcome for 
ease of completeness. The particle turns out to be delocalized into the fifth 
dimension, and the equation describing the 4D motion reads: 

m-^ = A{uPu'' -g^P)^ + qFf'Pup (22) 
Ds (j)'^ 

The scalar coupling factors are defined as follows: 

m = ^ld'x^TZtter Q=ld^^V9f A = u'' jd^'x ^'d (23) 

It turns out that now m and q are not correlated via w^; they are defined 
in terms of independent degrees of freedom ( T^^ and Tg ) and therefore we 
have no bound on q/m. The charge is conserved, as required by the presence 



7 



of the U{1) symmetry; A is not conserved but there is no symmetry that 
requires it. Actually, the relevant feature is that the mass term now is not 
conserved ; its behaviour is given by the condition 

dm A d(j) 

Such a condition arises during the Papapetrou procedure in order to satisfy 
the requirement u^^u^^ = 0. Finally, it is possible to show, via the Hamilto- 
nian formulation of the dynamics and the canonical quantization procedure, 
that, as well as the q/m puzzle is removed, the tower of huge massive modes 
now disappear by the presence of an appropriate counter-term in the disper- 
sion relation. 



3 Simple scenarios 

Putting together the fields dynamics with the test particles dynamics we 
now consider some interesting scenario which in our opinion deserve some 
effort to be pursued. For sake of simplicity we assume from now on = 0, 
Ffjiu = 0; the equations we are interested in are (fTOl [22l [2^ : 

■d 

□ (/) = -vrG ( Tmatter + 2-tt 
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dm A d<p Du^ n ^pi> 

— = - — -f- rn—— = A(uPu^ - g^P)-^ 
ds (j)^ ds Ds ^ ' (tr- 

2-d = —(p'^Tmatter 

This is the simplest case: we have as a suitable solution of the scalar 
equation (/> = !; therefore we recover m = cost and = 0, regard- 
less the presence of A, which now does not affects the motion equation, 
thus we rebuild the Free Falling Universality ( FFU ) of the particle. 
Therefore we have the GR theory 



Within this scenario we have m = cost, being ^4 = 0, therefore we 
have again FFU and the equation = 0, but in principle (j) is now 
variable and we can look for effects of physics beyond GR. 



• A = amcjP' 

In such a case we still have FFU, because m is ruled out from the 
motion equation, but in general we have (j) variable as well as m. No- 
ticeably, equation ( [24] ) can be now easily integrated and we have a 
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scaling law for the mass: 




It is worth noting that similar equations are interesting for various 
model of dark matter ( [28] ) coming out from modified gravity sce- 
narios. 

Other interesting hints can be achieved by considering some simplified back- 
grounds like for instance the case of homogeneous or spherically symmetric 
backgrounds. At first, it is possible to prove that, as far as the homoge- 
neous scenario is concerned, the comoving velocity [/^ = (1,0,0,0) is still a 
solution of the motion equation, although the motion equation is modified 
by presence of scalar fields. This allows us to still employ the definition 
'^matter — (p + p)U^U'^ — Q^^^p for a perfect fluid described in terms of its 
pressure and density, and suggests to consider a simple parametrization of 
the extra source "9 like d = (j)^ [ap + Pp) . Such a parametrization mimics 
the equation of state p = jp and at the same time takes into account the 
presence of (p. It is worth noting, moreover, that the case k = 2 yields, for 
a dust matter, to the scenario A = amcfP' we discussed above. On the other 
side, looking at the exterior solution in a spherically symmetric background 
( Generalized Schwarzschild Solution, [29j-[33J ) it is worth remarking that 
the behaviour of the mass distribution is given in the exterior region by an 
equation of the form 

which thus coincides to our equation ( [25] ) for a = 1 . 

Concluding Remarks 

The usual approach to matter in KK starts from the particles dynamics 
and results in a failure when compared to the phenomenology, as far as the 
compactification hypotheses is taken into account. In this report we tried a 
different approach, starting from the general dynamics of fields and it turns 
out that this scheme offers a scenario to deal consistently with matter in 
the framework of the cylindrical and compactified KK model. A key point 
is the extension of the cylindricity hypothesis to the matter tensor, which 
becomes localized in 4D, i.e. the test particle is not localized in the extra 
dimension. Therefore the picture of the compactified model we discussed 
in this work represents a new point of view, with respect to the problem 
of matter in Kaluza-Klein theories, and in our opinion it deserves further 
investigations. If we restrict to the minimal scenario = 1, which is now 
allowed as a suitable solutions of the reduced 5D Einstein equations, then we 
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reproduce the Einstein-Maxwell dynamics, either for fields, either for mat- 
ter, providing consistent definitions for the involved coupling factors. With 
respect to such a scenario, the Kaluza-Klein model should be considered as 
a valuable toy-model in order to develop a unifying geometrical picture of 
interactions. In this sense, it should be stressed that the revised approach 
we discussed allows us to keep in the extradimensional scenario the pres- 
ence of an extra dimension compactified at a very low scale; this is relevant, 
because it provides us an elegant explanation for the discretization of the 
charge and for the generation of the local U(l) gauge symmetry. With re- 
spect to this scenario, the perspective of an extension of this approach to 
multidimensional models with more than five dimension should be consid- 
ered in order to face the coupling of the other interactions. As far as just the 
5D model and its phenomenological implications are considered, however, 
the most promising perspectives involve the presence of scalar fields in the 
dynamics. It could be suggested that a decreasing behaviour of the field (j) 
could be responsible of the shrink of the fifth dimension, giving a close link 
between a suitable compactification scenario and the delocalization of parti- 
cles within the extra dimension; with this respect, an analysis of the suitable 
behaviours of the scalar field in presence of matter should be recommended. 
A natural arena where is possible to test the outcomes of this model is the 
framework of modified gravity theories. Indeed, among various approaches 
to the dark matter/energy puzzle, a common one is to deal with modification 
addressed to the presence of scalar field ( [M]-[39] ). As far as the model 
we just presented here is concerned, a natural path of investigation should 
be to address the field to a dark matter source, and the field (j) to dark 
energy. With this respect, it appears interesting to develop the model in 
some simplified scenario, like the framework of an homogeneous background 
or spherical symmetry. A comparison with theory of extended gravity in- 
deed, would give insight about the possibility of this model to deal with 
dark matter scenario and provide constraint on the scalar degree of freedom 
( which in principle could be ruled out ). It can be stressed, for instance, 
that the model we discussed is able to provide a physical ground for the ex- 
istence of modified spherical solutions, which otherwise, in vacuum, should 
be considered solitons or naked singularities ( |29]-[33] ), and, in more detail, 
to provide a scenario for the search of modified black holes ( [40] ). It is 
worth noting, finally, that at the end of the work we outlined some scenarios 
where, although some modified effects are still taken into account, the Free 
Falling Universality of particles is recovered. Among these minimal scenar- 
ios, the most promising one is that where we chose to parametrize the extra 
scalar source in terms of a power of the field times a linear combination of 
density and pressure; depending on the parameter of this picture, such a rep- 
resentation fulfils the Free Falling Universality of the particles motion, and 
it therefore appears as a good candidate for a physical check of the model, 
either with respect to a Friedmann/Schwarschild-like framework either for 
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a study involving perturbations with respect to an assigned homogeneous 
background. 
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